The amplitude for the anomalous transitions γπ ± → π 0 π ± is analyzed within Chiral Perturbation Theory including electromagnetic interactions. The presence of a t-channel one-photon exchange contribution induces sizeable O(e 2 ) corrections which enhance the cross-section in the threshold region and bring the theoretical prediction into agreement with available data.
Introduction
The QCD matrix element of the electromagnetic current j µ (x) between the vacuum and the three-pion state is described by a single invariant function F 3π (s + , s − , s 0 ), viz.
e Ω |j µ (0)| π
In the absence of isospin breaking, F 3π (s + , s − , s 0 ) is symmetric with respect to permutations of the three variables, with s ± = (p ± + p 0 ) 2 , s 0 = (p + + p − ) 2 , and s + + s − + s 0 = 3M 2 π + q 2 ,
Appropriate analytic continuations of F 3π (s + , s − , s 0 ) at q 2 = 0 give the amplitudes F 3π (s, cos θ) for the various γπ → ππ pion photo-production processes, where s and θ stand for the square of the total energy and for the scattering angle of the incoming pion in the center-of-mass frame, respectively. Standard PCAC techniques [1, 2] allow to relate this matrix element to the pion-photonphoton transition form factor F π (q 2 1 , q 2 2 ) defined as
with F π (q is exact in the chiral limit. In this limit, the value of each of the two amplitudes on the lefthand side of the above relation is actually known, since they both have their origin in the Wess-Zumino-Witten [3] anomalous contributions to the chiral Ward identities [4] . In the case of F π (0, 0), one has The presently most accurate experimental determination of the cross section for the reaction γ(k)π − (p 1 ) → π 0 (p 0 )π − (p 2 ) proceeds through the Primakoff type pion pair production reaction of charged pions on nuclei
In the Serpukhov experiment [6] , the interaction is mediated by a virtual photon with momentum q = p 2 + p 0 − p 1 , whose virtuality is small enough, q
π , so that it can be considered as a real photon. This experiment measured the total cross-section σ total for the reaction (1.6) on different targets, and with pion pairs produced with a squared invariant mass
It is related to the cross-section σ of the reaction γπ
Here,
with E = 40 GeV being the energy of the incident pion beam, and λ(x, y, z) = x 2 + y 2 + z 2 − 2xy − 2xz − 2yz. The expressions (1.8) and (1.9) were then fitted to the experimental value (1.7), using however, in the ranges of θ and s covered by the experiment, a constant average amplitude F 3π , with the outcome
This value of F 3π exp has often been compared to F 3π 0 , although the two quantities can in principle be quite different.
Since the point s = t = u = 0 is unphysical, resort to theory is necessary in order to bridge the gap between F 3π (0, 0, 0) and the amplitude F 3π (s, cos θ), and thus establish the link between σ total and F 3π 0 . In the region where the Mandelstam variables are small as compared to the typical hadronic scale set by, say, the rho meson mass, a systematic expansion of the amplitude F 3π (s, t, u) can be constructed within the framework of Chiral Perturbation Theory (ChPT) [7, 8] ,
In this notation, the low-energy theorems discussed above amount to f (0) (s, cos θ) = 1 if isospin symmetry is preserved. This chiral expansion has been performed to one loop some time ago in Ref. [9] and, more recently, the two loop contribution f (2) (s, cos θ) has become available as well [10] . As expected for an SU(2) L × SU(2) R expansion, the corrections are indeed small in the threshold region, and inserting the two-loop result into (1.9) leads to (for details, see [10] ) σ This value is somewhat lower than (1.10), and the discrepancy with the theoretical value quoted earlier is thus at the level of 1.3σ only. Still, one might wonder about the origin of this difference, since it is quite unlikely that it can be ascribed to yet higher order chiral corrections. This point of view is supported by the analysis of Ref. [10] , where the two-loop ChPT calculation was also supplemented by a dispersive approach, which captures at least part of the higher order ChPT contributions, but does not affect the result (1.12). The amplitude F 3π (s, θ) has also been considered within different approaches, constituent quark models [11] , vector meson dominance models [12, 13] , and dispersively improved vector meson dominance models [14, 15] . Although the model dependence in these studies is sometimes hard to quantify, the general tendency is towards producing values of the cross-section at low energies which are smaller than the experimental value if the normalization is kept fixed at F 3π (0, 0, 0) = F 3π 0 . In all the studies quoted so far, isospin breaking effects have not been taken into account. Their discussion is the purpose of the present work. Since the m d − m u quark mass difference enters only at the level of
effects, isospin violation in the γπ → ππ reactions is essentially of electromagnetic origin. The analysis of radiative corrections in the case of the low-energy π 0 π 0 → π + π − amplitude [16] , would suggest that electromagnetic contributions are at most comparable to the two-loop effects in the threshold region. The situation is however qualitatively different in the case of the γπ ± → π 0 π ± amplitude, due to the contribution arising from the exchange of a single photon between the γ − π 0 pair and the charged pion pair. As we shall see, the corresponding pole in the t-channel of the reaction γπ ± → π 0 π ± is sufficiently close to the physical region in order to affect the amplitude in a sizeable way at low energies.
The outline of the paper is the following: in section 2 we compute the electromagnetic corrections to f (0) (s, cos θ) (tree level) and to f (1) (s, cos θ) for the process γπ ± → π 0 π ± . The various counterterms involved are estimated in section 3, which is devoted to the numerical analysis of our results. Our conclusions are presented in section 4.
2 Radiative corrections to F 3π (s, cos θ) in ChPT
In this section, we discuss electromagnetic effects in f (0) (s, cos θ) and in f (1) (s, cos θ) for the reaction γπ ± → π 0 π ± , which is the channel of interest for the Serpukhov experiment [6] , but also for forthcoming experiments [17, 18, 19] . To this end, we use the formalism of ChPT in the situation where virtual photons are also present [20, 21] . In this context, the chiral counting is extended by considering the electric charge e as a quantity of order O(p). Actually, we shall use the two-flavour version of the formalism, discussed in Refs. [16] and [22] to order one loop.
As far as notation is concerned, we follow the first of these two last references.
Virtual photons in f (0) (s, cos θ)
Besides the O(p 2 ) mesonic and Maxwell terms, the lowest order chiral Lagrangian L + (2) in the even intrinsic parity sector contains now O(ep) terms, arising from the minimal coupling to the photon field A µ , and a single O(e 2 ) contact term described by a low-energy constant C,
The covariant derivative acting on X is defined as usual, D µ X = ∂ µ X − ir µ X + iXl µ , and in our particular case, we may take
refers to the quark-mass matrix and Q = diag(2/3, −1/3) denotes the quark charge matrix. Furthermore, F µν stands for the electromagnetic field strength tensor and hereafter we shall work in the Feynman gauge, ξ = 1. The unitary matrix U(x) is a parametrization of the Goldstone boson fields, that may be taken as
although final results for observable quantities do not depend on this specific choice. The low-energy constant C gives the electromagnetic contribution to the charged pion mass,
3) Figure 1 : Reducible one photon exchange diagram contributing to F 3π (s, cos θ) via the electromagnetic form factor of the pion and the anomalous π 0 → γγ * form factor F π (0, t).
which, for F = F π = 92.4 GeV, yields
Anomalous processes involve contributions from the odd intrinsic parity sector, which, at lowest order, is described by the Wess-Zumino-Witten Lagrangian [3] . For processes involving photons, it reads
The first term on the right-hand side of Eq. (2.5) is the relevant piece for the γ → 3π transition at lowest order, and corresponds to the value f (0) (s, cos θ) = 1 in the absence of other contributions at lowest order. The second term in L − (4) is responsible for the π 0 → γγ decay.
If contributions involving virtual photons are considered, it also generates a contribution to f (0) (s, cos θ) arising from the one-photon exchange diagram of Fig. 1 , where the π 0 -γ-γ vertex is reduced to its lowest order value F π 0 , and the electromagnetic form factor F V (t) to unity. In the case of the reaction γπ ± → π 0 π ± , the full expression of f (0) (s, cos θ) thus reads
Although the value t = 0 is excluded from the physical region of the reaction γπ
values of t are possible, and actually not only in the threshold region. Neglecting the pion mass difference for the time being, the threshold value is
1.16. Furthermore, in the forward direction, |t| decreases as s grows. The behaviour of f (0) (s, cos θ) in the range of s covered by the Serpukhov experiment [6] is shown in Fig. 2 .
The increase in f (0) (s, cos θ), as compared to the constant value f (0) (s, cos θ) = 1 corresponding to the absence of isospin breaking, stays substantial for cos θ > ∼ 0.8 even away from threshold, and by itself increases the total cross-section σ total /Z 2 by 16%, from 0.92 nb to 1.07 nb. In order to establish the robustness of this result, we next compute the radiative corrections to f (1) (s, cos θ) as well.
Electromagnetic corrections in f
(s, cos θ)
The evaluation of the next-to-leading contribution f (1) (s, cos θ) involves loop diagrams with exactly one vertex from L − (4) , and tree graphs, which involve the various counterterms. In the even intrinsic sector, the counterterms consist of the strong interaction low-energy constants l i of Ref. [8] , and of the electromagnetic constants k i [16, 22] , corresponding to the decomposition (there are also O(e 4 ) counterterms, but we shall not consider radiative corrections of this order)
In the odd intrinsic parity sector, the next-to-leading order Lagrangian has a similar decompo-
The expression of L − e p 5 , which involves a set of counterterms A i , has been worked out in Ref. [23] , and we do not reproduce it here for the sake of brevity. The remaining term L − e 3 p 3 contains the O(e 2 ) electromagnetic counterterms contributing to the anomalous sector. To our knowledge, they have not been classified so far. For the time being, we shall collect the full contribution of all electromagnetic counterterms in the anomalous sector in an "effective" low-energy constant B eff . In computing the loop graphs, we shall encounter ultraviolet divergences. These will be regularized within the same dimensional regularization scheme as used in Ref. [8] . [8] and [16] , respectively. Of course, the final expression of f (1) (s, cos θ) has to be µ-independent. We shall briefly address this issue at the end of this section.
In order to present our results we have found it convenient to split the expression of f (1) (s, cos θ) into three components,
which we shall describe in turn. The contribution f
QCD (s, cos θ) contains the diagrams with only mesons in the loop, as well as the counterterms A i . It amounts to the calculation of Ref. [9] , except that one has to include effects of the the pion mass difference in the loops,
where ∆ π = M The second term, f
FF (s, cos θ), arises from reducible diagrams with one photon propagator as in Fig. 1 , where the blobs stand for form factors F π (0, t) and F V (t), computed at one-loop order,
Again, O(e 4 ) contributions have been neglected. Notice that two kinds of counterterms contribute:l 6 has a non-anomalous origin and enters through the pion electromagnetic form factor F V (t), whereas the terms A r i (µ) belong to L − ep 5 . If we add this contribution to f (0) (s, cos θ), we obtain, as expected,
with the one-loop expressions of the form factors given as
14)
The last electromagnetic contribution, f
IRD (s, cos θ), comes from irreducible diagrams, shown in Fig. 3 , with a virtual photon in the loop. It is a O(e 2 ) correction to the tree-level result (the contribution from one-loop radiative correction to the γ-π + -π − vertex of Fig. 1, is omitted, being O(e 4 )) and reads 
Notice the presence of a non-vanishing photon mass m γ . It is needed to regulate the infrared divergence generated by the photon loop diagrams. The functions G +−0 (t) and H +−0 (s; t) are related to the scalar three-point loop function C 0 , defined as
For m γ → 0, G +−0 (t) can be expressed in terms of logarithms and dilogarithms. In the region of interest t < 0, it is given by
where β t ≡ β(t) = 1 − 4M 2 π ± /t. The infrared divergences are handled as usual by considering the process with undetected soft photons, with energies less than the detector resolution ∆E. At the present level of accuracy, one soft photon is enough, and an infrared finite observable is constructed by considering in addition the cross-section σ γ (s; ∆E) for the process γπ
where we have also added the two-loop contribution f (2) QCD without radiative corrections computed in Ref. [10] , should be infrared finite. The expression for the last term is cumbersome [24] and we do not reproduce it here. We have checked that the infrared divergence appearing in the soft bremstrahlung term indeed cancels the one in 2Re[f (1) IRD ].
Renormalization scale dependence of the counterterms
In order to establish that f (1) (s, cos θ) indeed does not depend on the renormalization scale µ, we need to know the scale dependence of the various counterterms involved in the expressions (2.11), (2.12) and (2.15). This information has been obtained independently, using functional techniques, for the low-energy constants l r i (µ) [8] and k r i (µ) [16, 22] , but not for the remaining ones 1 . On the other hand, we may however use our present results in order to pin down the scale dependence of several combinations of the renormalized constants A r i (µ) and of B r eff (µ). For instance, the form factor F π (0, t) (2.14), being an observable quantity, must be scale independent by itself, which implies
(2.20)
Furthermore, the scale invariance of the amplitudes for γγ → π 0 π 0 π 0 and γγ → π + π − π 0 require in addition that [26] 
Then, the condition that f (1) (s, cos θ) does not depend on the renormalization scale µ amounts
Having discussed the scale dependence of the low-energy constants, it still remains to pin down their values in order to proceed.
1 The divergent part of the one-loop generating functional in the anomalous sector has actually been computed [25] , but the resulting expressions are rather cumbersome, and have, to the best of our knowledge, never been expressed in terms of the scale dependence of the renormalized constants A r i .
Counterterm estimates and numerical results
In this section, we shall first provide estimates for the various counterterm combinations that appear in f (1) (s, cos θ). We then convert our computation into numerical results for the experimental observables discussed in section 1.
Counterterm estimates
The low-energy constantl 6 contributes to the slope of the electromagnetic form factor of the pion [8] and its value is well determined,l 6 = 16.0 ± 0.5 ± 0.7 [27] . The renormalisation scale independent combinations of constants A i 2 which describes the O(M 2 π ) corrections to F π (0, 0) (2.14) and the slope of F π (0, t) were estimated by studying the V V P QCD threepoint correlator [28, 26, 29] . We shall use the estimates of Ref. [29] (hereafter we set µ = M ρ )
A similar treatment of the combination of A i 's appearing in f
QCD would, for instance, require a detailed analysis of the V P P P four-point function along the lines of Ref. [29] , which is lacking at the moment. If we assume naive resonance saturation by the lightest vectors, axials, pseudoscalars and scalars, only vectors contribute to the QCD part. We obtain the rough estimate
Thek i constants appearing in Eq. (2.15) are the finite, scale independent contributions of the electromagnetic counterterms k i . The precise relations among the non-renormalized k i , the scale dependent renormalized k r i (µ) and the scale independentk i have been worked out by several authors [22, 16] . In [16] , the following estimates, based on naive dimensional analysis, were givenk
Finally, there remains the effective anomalous electromagnetic counterterm B r eff (µ) in the anomalous sector, for which naive dimensional analysis gives
2 The normalization of the low-energy constants A i we use here is the same as in Ref. [26] , and differs from the one used in Refs. [23, 29] by a factor 1/4π 2 .
Numerical results
Most of the existing results in the literature share a moderate increase of the amplitude F 3π (s, cos θ) with s, and a very small sensitivity to cos θ. This is, in particular, the case for the ChPT results, both at one and two-loop order. When electromagnetic corrections are taken into account, two effects must be considered. First, a different mass for the neutral and charged pion modifies the lower limit of the phase-space integral in Eq. (1.8). This represents small changes, an increase of ∼ 6% in the Primakov cross section σ total /Z 2 , a decrease of ∼ 4% in F 3π 0, exp , which goes into the right direction, but still does not match the theoretical value. Second, the radiatively corrected expression of Eq. (2.19) should be used in evaluating Eq. (1.8) . In order to see how much the two combined effects modify the experimental determination of F 3π 0, exp , we show in Table 1 the values obtained for F 3π 0 from the experimental result of Ref. [6] , using the expressions for the amplitude F 3π (s, cos θ) at different orders of ChPT in the 
much lower than the value (1.12) obtained if radiative corrections are omitted, and compatible with the theoretical value F 3π 0 = (9.72 ± 0.09) GeV −3 . Interestingly enough, the contribution of the electromagnetic corrections to the amplitude F 3π (s, cos θ) is larger than the genuine chiral corrections. This can be observed in Fig. 4 , where we plot the squared amplitude, as a function of s, for the O(p 8 ) result, including radiative corrections at one loop, for several values of cos θ (curves). We also include a shaded area for the same result without electromagnetic corrections, covering the full range of cos θ. While the latter is almost insensitive to cos θ and slowly raises with s, the former shows a richer structure, with substantially large contributions for cos θ approaching 1. This is in contrast with most other mesonic processes studied so far in ChPT, where electromagnetic corrections in general give reasonably small contributions. The reason for this difference lies in a peculiarity of the γπ ± → π 0 π ± process, which admits a kinematically enhanced contribution, due to the t-channel exchange of a single photon, and which actually completely dominates the radiative corrections. As a matter of fact, our results can be very well reproduced by adding only the "universal" contribution coming from the pole in Fig. 1 3 to the one and two-loop chiral corrections,
QCD | 2 .
(3.8)
The situation in this respect would have been different in the case of the crossed channel γπ 0 → π + π − . There, the photon-exchange pole appears in the s-channel. With a minimum value of 4M 2 π ± for s, the net effect is mild, at the few-percent level.
Conclusions
In the present work, we have considered, within the framework of one-loop ChPT, O(e 2 ) radiative corrections to the process γπ ± → π 0 π ± . They turn out to be quite sizeable, being larger than the genuine two-loop chiral corrections computed in Ref. [10] , and increase the two-loop theoretical value for the Primakov cross-section measured in Ref. [6] by ∼ 0.15 nb. Such a large effect originates mainly from a one-photon exchange contribution in the t-channel. Since small kinematical values for t are allowed, one obtains large contributions to the cross-section.
Other electromagnetic contributions are very small. These corrections are therefore very stable against variations of the counterterms that enter at next-to-leading O(e 2 p 2 ). The inclusion of radiative corrections brings theory and experiment into agreement. Future high precision experiments [17, 18, 19] will hopefully improve this agreement and test the rôle of electromagnetic corrections. In this respect, it would be worthwhile to investigate the experimental possibilities to study, in addition, the reaction γπ 0 → π + π − , through e.g. the process γp → π + π − p.
